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Let X be an alphabet and let $\mathrm{X}^{*}$ be the free monoid generated by X. We
assume the cardinality of $X$ is greater than 1. By $X^{\vdash}$ we denote the free
semigroup generated by $X$. Any element of $X^{*}$ is called a word over $X$ and
any subset of $\mathrm{X}^{*}$ is called a language over $X$. Let $u\in X^{*}$ . By $|u|$ we denote
the length of $u$ and by Sub$(u)$ we denote the language {$v\in \mathrm{X}^{*}|u=xvy$ for
some $x,y\in X^{*}$ }. Moreover, let $L\subseteq X^{*}$ . By Sub$(L)$ we denote the language
$\mathrm{u}_{u\in L}s_{ub}(u)$. A language $L$ is said to be dense if Sub$(L)=X^{*}$ . In several
references [2-5L dense languages and their properties have been studied.
However, the above concept of the density seems to be rather rough from
the point of view of the dassification of languages. Introducing height
functions, we proposed a new dassification of dense and non-dense lan-
guages in $[1,2]$ .
Consider a total order $\leq_{\mathrm{o}\mathrm{n}}X^{*}$ satisfying the following condition $(*)$ :
If $1u|<|v|$ , then $u<v$ where $u<v$ means that $u\leq v$ and $u\neq v$ .
Let $M\subseteq X^{*}$ . By $min(M)$ we denote the minimal element in $M$ according to
the total order $\leq$ . Let $u\in \mathrm{X}^{*}$ . By Height$\leq(u)$, we denote the word $m$ in $(\mathrm{X}^{*}$
$-Sub(u))$. Now we are ready to define a height function. Let $L\subseteq \mathrm{X}^{*}$ .
Then Height$\leq(L)=\{Height\leq(u)|u\in L\}$ . The following result is fundamen-
tal.
Proposition 1 Le $tL\subseteq \mathrm{X}^{*}$ . Then $L$ is dense if and only if Height$\leq(L)$ is
infinite.
First we show that any height function preserves the dass of regular lan-
guages.
Lemma 1 Let IXI $=2$, let a, $b\in X,$ $a\neq b$ , and let $L\subseteq \mathrm{X}^{*}be$ a regular lan-
guage. Th en there exists a positive in teger $N$ such that if $t>N$ and $ab^{t}\in$
Height$\leq(L)th$en a $b^{t- 3}\in Height\leq(L)$ .
Proof. Let $A=$ ($D,$ $\mathrm{X},$ do, $\delta,$ $W$ ) be a finite automaton which accepts $L$
where $D$ is the set of states. Let I $D|=r$ . It can be easily verified that there
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exixt the followingpositive integers $m,$ $3\leq m\leq r^{r}$ and $k,$ $k\geq 1$ : $6(d, b^{k+m})=$
$\delta(d, b^{k})$ for any $d\in D$ .
Let $N=k+m$ . Now assume that $ab^{\mathrm{f}}\in Height\leq(L)$ and $t>N$ . Since $ab^{t}$
$\in Height\leq(L),$ $abtH=eight\leq(b^{t}+pf_{1}f2\ldots fq)$ and $p\geq 0,$ $b^{t+p}f_{1}f_{2}\cdots fq\in L$ where $f_{i}$
$\in\{a$ , ab, $ab2,$ $ab3,$ $\ldots,$ abt-5,bat-4,bfa-3, abt-2, $ab^{i}-1_{\}},$ $\iota\leq \mathrm{i}\leq q$ . Now we define the
mapping $\phi$ as follows: $\phi(a)=a,$ $\phi(ab)=ab,$ $\phi(ab2)=ab,$$\phi 2(ab3)=ab3,$ $\ldots,(abt-\phi 5)$
$=abt- 5,(\phi ab^{t}-4)=abt-4,$ $\phi(ab^{t}- 3)=ab’-3-m,$ $\phi(abt- 2)=ab^{t-2m}-$, and $\phi(ab^{t- 1})=ab^{t- 1}-m$ .
Now consider $b^{t+}r\phi(f_{1})\phi(r2)\cdots\phi(;_{q})$. By definition, $\delta(d0, b^{\mathrm{f}+r}f\mathrm{l}f2\ldots f_{q})=\delta(d_{0}$ ,
$b^{t+p_{\phi(}};_{1})\phi(\mathrm{f}2)\cdots\phi(;_{q}))\in W$ , i.e. $b^{t+p_{\phi}}(f1)\phi(f2)\cdots\phi(fq)\in L$ . Now let $u<ab^{\iota-3}$ .
Then obviouslyaua $<ab^{t}$. Since $1u|\leq t- 2,$ $u$ can be represented as follows:
(1) $u=b^{i},$ $0\leq i\leq t- 2$, (2) $u=b^{i}a,$ $0\leq j\leq t- 3$ and (3) $u=a^{i}b^{i}av$ , $0\leq i,$ $j$
$\leq t- 4$ and $v=\cdots b^{s}\cdots\Rightarrow s\leq t- 4$ .
It is obvious that in (1) and (2) $u$ is a subword of $b^{t+p_{\phi}}(f_{1})\phi(f_{2})\ldots\phi(f_{q})$ .
Consider the case (3). Since $aua<ab^{t},$ $aua$ is a subword of $b^{i+p}f_{1}f_{2}\ldots f_{q}$ .
Remark that $aua=\cdots b^{s.:}\cdot\Rightarrow s\leq t- 4$. This means that $aua$ is a subword of
$b^{\mathrm{f}+p_{\phi}}(f1)\phi(;2)\ldots\phi(f_{q})$ and hence $u$ is so. On the other hand, $ab^{t- 3}$ is not a
subword of $b^{t+p}\phi(f_{1})\phi(r2)\ldots\phi(f_{q})$ . Consequently, $ab^{t- 3}=$ Height$\leq(b^{\mathrm{f}+p}.\phi(f_{1})$
$\phi(r_{2})\cdots‘\phi(r_{q})).’.\mathrm{i},\cdot \mathrm{e}.abt- 3\in Hei.ght\leq(L)$. This completes the $\mathrm{p}\mathrm{r}\infty \mathrm{f}$
-.
of the lemma.
Dually, we can prove the following.
Lemma 2 Let $\mathrm{I}X\mathrm{I}=2$ , let a, $b\in \mathrm{X},$ $a\neq b$ , and let $L\subseteq X^{*}be$ a regu lar lan-
guage. Then th $ere$ exists a positive in teger $N$ such that if $s>N$ and $a^{s}b\in$
Height$\leq(L)thena^{S3}b-\in Height\leq(L)$ .
Theorem 1 Let $L\subseteq X^{*}$ be a regular language. Then Height$\leq(L)$ is a
$re.g$ular lan.guage, $t\mathit{0}\mathit{0}.,$ $M..$ ore,over, if.L is dense, then Height$\leq.(L)$ is dens..e.:
Proof. Let $1X1=1$ and let $\mathrm{X}=\{a\}$ . Then Height$\leq(L)=aL$ and Height$\leq(L)$
is regular. Now consider the case $|X|\geq 3$ . If $L$ is not dense, then
Height$\leq(L)$ is finite and hence regular. Assume that $L$ is dense. Let $A=(.V$,
$X,$ $v0,8,$ $W)$ be a finite automaton which accepts $L$ where $V$ is the set of states.
Let 1 $V1=r$. Since $L$ is dense, for any $w\in X^{*}$ there exist $\alpha,$ $\beta\in X^{*}$ such that
loc 1, $|\beta|\leq r$ and $\alpha w\beta\in L$ . Now let $u\in X^{+}$ with $1u|>r$ . Then $u=avb$ for
some $a,$ $b\in X$where $v\in X^{*}$ . Let $a,$ $b\neq c\in X$. Now let $u_{1},$ $u_{2},$ $\cdots,$ $u_{n}$ be the
strings in $X^{*}$ such that $u_{i}<u,$ $1\leq \mathrm{i}\leq n$ , and construct the strings
$w=c^{1u\mathfrak{l}}u_{1uC^{\mathrm{I}}}c^{1|}u2Cunc^{1|}u|\ldots|u|u$
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From the $a\mathrm{M}\mathrm{v}\mathrm{e}$ remark, there exist $\alpha,$ $\beta\in \mathrm{X}^{*}$ such that Io 1, $1\beta|\leq\gamma$ and $\alpha w\beta$
$=\alpha c^{1u\mathrm{I}}u1c1u$ 1 1 $u1$
$u_{2^{C}}\ldots$ $c^{1u1}u_{n}C^{1|}\beta u\in L$ . Then it can easily be seen that $u\not\in$
$Sub(\alpha w\beta),$ $u=Height\leq(\alpha w\beta)$ and hence $u\in$ Height$\leq(L)$ . This means that
Height$\leq(L)=X^{+}-F$ where $F\subseteq \mathrm{X}^{*}$ is a finite language. Obviously,
Height$\leq(L)$ is a dense regul$a\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{u}\mathrm{a}\mathrm{g}\dot{\mathrm{e}}$ .
Now consider the case $1X1=2$. Again, it is enough to assume that $L$ is
dense and also we consider the same finite automaton as above. Let $u\in \mathrm{X}^{*}$
and $1u|>r$.
(i) $u=ava$ for some $a\in X,$ $v\in X^{*}$ . Let $b\in X-\{a\}$ and $u_{1},$ $u_{2},$ $\cdots,$ $u_{n}$ be
the the strings in $\mathrm{X}^{*}$ such that $u_{i}<u,$ $1\leq \mathrm{i}\leq n$ . Construct the string
$w=b^{1u}|b^{1u}u1u_{2}b^{\mathrm{I}u}1|\ldots b|u|u_{n}b^{1|}u$
As $\mathrm{h}$as been stated, there exist $\alpha,$ $\beta\in X^{*}$ such that $|\alpha|,$ $|\beta|\leq r$ and $\alpha w\beta=$
$\alpha b^{1|}uu_{1}b^{1}u1b^{1|}u2bu\ldots|u$ 1 $|$$unbu|\beta\in L$ . In this case, we have $u\not\in Sub(\alpha w\beta)$,
$u=Height\leq(\alpha w\beta)$ and hence $u\in Height\leq(L)$ .
(ii) $u=avb$ for some $a,$ $b\in \mathrm{X},$ $a\neq b,$ $v\in \mathrm{X}^{*}$ and $v\not\in a^{*}b^{*}$ . Let $u_{1},$ $u_{2},$ $\cdots$ ,
$u_{n}$ be the the strings in $\mathrm{X}^{*}$ such that $u_{i}<u,$ $1\leq \mathrm{i}\leq n$ , and construct the
strings
$w=ab|u|$ 1 $u1u_{1}ab|u1$ 1 $u$ 1 $u_{2}a^{1}u$ 1 $b^{1}u1\ldots$ 1$u1ab|u|a^{1u}u_{n}$ $b^{1u1}$1
There exist $\alpha,$ $\beta\in X^{*}$ such that $|\alpha|,$ $|\beta|\leq r$ and $\alpha w\beta=\alpha a^{1u}b||u|u1a|u1b^{1|}u$
$u_{2}a^{1|}ub^{1u}|\ldots a^{1}$ $bu$1 $|u\{unab^{1|}|u|u\beta\in L$ . In this case, we have also $u\not\in Sub$
$\langle$ $\alpha w\beta),$ $u=Height\leq(\alpha w\beta)a$nd hence $u\in Height\leq(L)$ .
(iii) $u=a^{t}b^{s},$ $a\neq b$ and $t,$ $s\geq 1$ . If $t\geq 2$ and $s\geq 2$, then we proceed as
above: let $u_{1},$ $u_{2},$ $\cdots,$ $u_{n}$ be the the strings in $\mathrm{X}^{*}$ with $u_{i}<u,$ $1\leq \mathrm{i}\leq n$ , and
construct the string
$w=(ab)^{\mathrm{I}|}uw_{1}(ab)^{1u}1(abw_{2})^{\mathrm{I}u1}\cdots$ (ab) $|u1w_{n}(ab)|u1$
There exist $\alpha,$ $\beta\in X^{*}$ such that $|\alpha|,$ $|\beta|\leq r$ and $\alpha w\beta\in L$, i.e.
$\alpha(ab)^{1u}|w_{1}(ab)^{1}u1w_{2}(ab)^{1u\mathrm{I}}\cdots$ (ab) $||u(w_{n}ab)\mathrm{I}u1\beta\in L$ .
We have $u\not\in Sub(\alpha w\beta)$ and hence $u=Height\leq(\alpha w\beta)$, i.e. $u\in Height\leq(L)$ .
(iv) The case that {$ab^{t}\in$ Height$\leq(L)|t\geq 1$} is infinite. In this case, by
Lemma 1 there exists a set of positive integers $T$ consisting of at most 3 ele-
ments such that $\{ab^{t}\in Height\leq(L)|t\geq 1\}=(\bigcup_{t\in T}\{ab’+3k|k\geq 0\})\cup G$ where
$G$ is a finite set.
(v) The case that {$a^{s}b\in$ Height$\leq(L)|s\geq 1$ } is infinite. In this case, by
Lemma 2 there exists a set of positive integers $S$ consisting of at most 3 ele-
ments such that $\{a^{s}b^{t}\in Height\leq(L)|s\geq 1\}=(\bigcup_{s\in S}\{a^{s+3k}b|k\geq 0\})\cup H$ where
$H$ is a finite set.
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Summing up the results, we have the following:
Let $X=\{a, b\}$ and let $L\subseteq \mathrm{X}^{*}$ be a dense regular language. Then
Height$\leq(L)$ can be represented as follows:
Height$\leq(L)$ $=[X^{+}-(F \cup a^{*}b^{*}\cup b^{*}a^{*})]\cup(\bigcup_{t\in T}\mathrm{t}ab^{i+}3k|k\geq 0\})$
$\cup(\bigcup_{t’\in T’}\{ba^{t’3k}+|k\geq 0\})\cup(\bigcup_{s\in S}\{a^{s+3k}b|k\geq 0\})$
$\cup(\bigcup_{s^{\prime s}}\in\prime \mathrm{t}bs+3\prime ka|k\geq 0\})\cup I$
where $P$ and $I$ are finite sets and $T,$ $T’,$ $S,$ $S’$ are sets of positive integers con-
sisting of at most of 3 elements.
Obviously, Height$\leq(L)$ is $a$ dense regular language. This completes the
proof of the theorem.
However, the same type of result does not hold true for the case of con-
text-sensitive languages.
Theorem 2 $Let\leq be$ a lexicograph $ic$ order on $X^{*}$ satisfying the condition
$(*)$ . Then there exists a context-sensitive language $L\subseteq X^{*}$ such that
Height$\leq(L)$ is not context-sensitive.
We will discuss whether the same type of result as in Theorem 1 holds
true for the case of linear languages.
Let $X=\{a, b, \ldots\}$ . Moreover, let $1=f(1)<f(2)<\ldots<f(k)<f(k+1)<\ldots$ be a
sequence of positive integers and let $\leq \mathrm{k}$ a total order on $X^{*}$ satisfying the
following conditions $(**)$:
(1) $1u1<1v\mathrm{I}\Rightarrow u<v$ ,
(2) $b^{;(k)}<a^{;(k)}$ for $k,k=1,2,3,$ $\ldots$ ,
(3) $a^{i}<u$ for any $u,$ $u\neq a^{i},$ $1u1=i$ and $i\neq f(k),$ $k=1,2,3,$ $,..$ .
We consider the language $L=\{w\phi(\mathrm{p}(w))|w\in X^{+}\}$ where $\mathrm{p}(w)=a_{nn1}a-\ldots a_{1}$
for $w=a_{1}a_{2}\ldots a_{n},$ $ai\in X$ and $\phi$ is the isomorphism of $\mathrm{X}^{*}$ onto $X^{*}$ such that
$\phi(a)=b,$ $\phi(b)=a$ and $\phi(c)=c$ for any $c\in X-\{a, b\}$ . Then $L$ is a linear lan-
guage whose grammar is $G=(V, X, S, p)$ where $P=\{Sarrow \mathrm{x}S\phi(x),$ $Sarrow x\phi(x)|x$
$\in X\}$ .
Lemma 3 If $i=f(k)f\mathit{0}r$ somek, $k=1,2,3,$ $\ldots$ , then $a^{i}\not\in Height\leq(L)$.
Proof. Let $i=f(k)$ for some $k,$ $k=1,2,3,$ $\ldots$ . Assume $a^{i}\in$ Height$\leq(L)$ .
Then there exists $w\in X^{+}$ such that $a^{i}=Height\leq(w\phi(\mathrm{P}(w))$. Since $bf(k)<a^{[(k)}$,
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$w\phi(\mathrm{p}(w))$ contains $bf(k)$ as a subword. Then we have the following three
cases.
Case 1. $w$ contains $b^{;(k)}$ as a subword. In this case, $\phi(\mathrm{p}(w))$ contains $a^{f(k)}$
as a subword and hence $w\phi(\mathrm{p}(w))$ contains $a^{f(k)}$ as a subword. This contra-
dicts the assumption that $a^{i}=Height\leq(w\phi(\mathrm{P}(w))$ .
$\mathrm{C}a$se 2. $\phi(\mathrm{p}(w))$ contains $b^{[(k)}$ as a subword. In this case, $w$ contains $a^{[(k)}$
as a subword and hence $w\phi(\mathrm{p}(w))$ contains $a^{;(k)}$ as a subword. This contra-
dicts the assumption that $a^{i}=Height\leq(w\phi(\mathrm{P}(w))$ .
Case 3. $b^{i}=b^{p+q},$ $\mathcal{P},q\geq 1,$ $bP$ is a suffix of $w$ and $b^{q}$ is a prefix of $\phi(\mathrm{p}(w))$ .
However, this yields a contradiction because in this case $a^{p}$ must be a prefix
of $\phi(\mathrm{p}(w))$ .
In either $\mathrm{c}a$se, we have a contradiction. Hence $a^{i}\not\in Height\leq(L)$.
Lemma 4 If $i\neq f(k)f\mathit{0}\gamma$ any $k,k=1,2,3,$ $\ldots$ , then $a^{i}\in Height\leq(L)$ .
Proof. Let {$w_{1},$ $w_{2},$ $\ldots,$ $w_{r}\mathrm{I}=\{w\in X^{*}|w<a^{i}\}$ . By (3) in $(**),$ $|w_{t}|\leq i- 1$
for any $t,$ $t=1,2,3,$ $\ldots,$ $r$ . We can assume that $w_{1}=a^{i- 1}$ and $w_{r}=b^{i- 1}$ . Con-
sider $u$ $=$ $w_{1}baw_{2}baw_{3}ba\ldots baw_{\gamma}- 1baw_{r}(aba)(bab)\phi(\mathrm{P}(w\gamma))ba\phi(\mathrm{P}(w_{r-1}))ba\ldots ba$
$\phi(\mathrm{p}(w_{3}))ba\phi(\mathrm{P}(w2))ba\phi(\mathrm{p}(w_{1}))\in L$. Remark that $|w_{s}1_{a}\leq i- 2$ for any $s,$ $s=2$,
3, $\ldots,$ $r$ where $1w_{s}\mathrm{I}_{a}$ is the number of the occurrences of $a$ in $w_{s}$ . Suppose $u$
contains $a^{i}$ as a subword. Then $a^{i}$ is a subword of $a\phi(\mathrm{p}(w_{k}))$ for some $k,$ $k=2$,
3, $\ldots$ , r-l. Since $1\phi(\mathrm{p}(w_{k}))[=1w_{k}|\leq i-1,$ $\phi(\mathrm{P}(wk))=a^{i- 1}$ . Thus $w_{k}=b^{i- 1}$ and
hence $k=\gamma$, a contradiction. Therefore, $a^{i}=Height\leq(u)\in Height\leq(L)$ .
Lemma 5 Let $L\subseteq X^{*}be$ th $e$ above mentioned linear language. Then
$a^{+}\cap Height\leq(L)=a^{+}-\mathrm{t}a^{\prime()}k|k=1,\mathit{2},3,$ $\ldots\}$ .
Proof. Obvious from the previous lemmas.
Theorem 3 Let IXI $\geq 2$ . Then there exists a linear language $L\subseteq X^{*}$
such that Height$\leq(L)$ is not even recursively enumerable under some total
order $\leq on\mathrm{X}^{*}$ .
Proof. Let $N$ be the set of all positive integers and let $1=f(1)<f(2)<\ldots<$
$f(k)<f(k+1)<\ldots$ be a sequence of positive integers such that $A=N-\{f(k)|$
$k=1,2,$ $\ldots\}$ is not recursively enumerable. Moreover, let $\leq \mathrm{k}$ the total order
on $X^{*}$ satisfying the conditions $(**)$ and let $L=\{w\phi(\mathrm{p}(w))|w\in X^{+}\}$. Con-
sider Height$\leq(L)$ under the order $\leq$ . Suppose Height$\leq(L)$ is recursively
enumerable. Since the intersection of a regular set and $a$ recursively enu-
merable set is recursively enumerable, $a^{+}\cap Height\leq(L)$ is recursively enu-
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merable. By Lemma 5, $a^{+}\cap Height\leq(L)=\{a^{i}1i\in A\}$ . However, this set is
not recursively enumerable, a contr$a$diction. Therefore, Height$\leq(L)$ is not
recursively enumerable.
Corollary Let $1X1\geq 2$ . Then th $ere$ exists a con text-free language $L\subseteq X^{*}$
such that Height$\leq(L)$ is not even recu rsively enum erable under $some$ total
order $\leq onX^{*}$ .
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